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Summary We consider here the two-phase Stefan problem that arises from modelling the melting process of a spherical particle.
Surface tension is included through the Gibbs-Thomson condition, the effect of which is to reduce the melting temperature as the
particle radius decreases. We discuss the asymptotic limits of slow conduction in the solid phase and large ratio of latent heat to specific
heat. Further, we present numerical results that suggest for later times superheating develops in the solid phase, followed by a form of
finite-time blow-up, with both the temperature gradient at the solid-melt interface and the interface speed becoming unbounded before
complete melting takes place.
INTRODUCTION
Stefan problems model heat conduction with a change of phase. They are characterised by a moving boundary, which is
the interface between the solid and liquid phases of the material in question. There are two boundary conditions applied
at the moving boundary: the Stefan condition, which relates the absorbtion (or release) of latent heat to the speed of the
interface; and another condition fixing the melting temperature. Typically, the latter temperature is taken to be constant,
an often reasonable assumption, especially for macroscopic well-posed problems; however, under some circumstances,
where the curvature of the interface becomes significantly high, surface tension effects may be important, in which case
the second boundary condition must be altered. Such scenarios include the melting of very small particles, or the unstable
problem of melting a superheated solid.
We consider here the two-phase Stefan problem that arises from modelling the melting process of a spherical particle,
including the effects of surface tension at the solid-melt interface. By setting the temperature in the liquid and solid
phases to be u(r, t) and v(r, t), respectively, the dimensionless moving boundary problem is [6]
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subject to the boundary and initial conditions
u = 1 on r = 1, u = v = σ
(
1− 1
R
)
on r = R(t),
∂u
∂r
− κ∂v
∂r
= −β dR
dt
on r = R(t), (2)
∂v
∂r
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The four dimensionless parameters in the problem are κ > 0, σ ≥ 0, β > 0 and V ≤ 0, which are the ratio of
thermal conductivities, the surface tension parameter, the Stefan number (ratio of latent to sensible heat) and the initial
temperature, respectively. The variable melting temperature, as described in (2)2, is modelled by the Gibbs-Thomson
condition. The effect is to gradually reduce the melting temperature as the size of the particle decreases. The problem
(1)-(3) is solved numerically with a front-fixing method, and typical profiles are drawn in Figure 1.
ONE-PHASE LIMIT FOR κ¿ 1
When σ = 0 and V = 0, (1)-(3) reduces to a one-phase problem, since heat flows in the outer liquid phase only. Even
in this simplified case, the nonlinearity is such that no exact solution exists. Asymptotic results include the large Stefan
number analysis in [5], and the near-complete-melting limit in [2, 5].
For non-zero surface tension, there is no true one-phase problem, as the melting temperature changes in time, and thus
there will always be temperature gradients in the solid phase. However, a one-phase problem arises in the singular limit
κ → 0 (see [4]). In that limit an interior layer of width κ develops in the solid phase. By writing r = R(t) − κr˜, with
r˜ = O(1), we find that the temperature behaves like v ∼ V + (u(R, t) − V ) exp (R˙(t)r˜) in the interior layer. Note as
r˜ →∞, this matches back into the region away from the interface where, to leading order, we have v ∼ V . The result is
the one-phase problem (1)1, (2)1, (2)2 with the new Stefan condition
∂u
∂r
= −dR
dt
(β − V + u) on r = R(t).
Asymptotic results for small time and large Stefan number have been derived by the authors for this one-phase problem
[6]. An interesting feature of this model is that the solution fails to exist before complete melting, and in fact R˙→ −∞ as
R→ R+c , where the dot denotes differentiation with respect to time, and the critical radius is given byRc = σ/(β+σ−V )
(note that Rc → 0+ as either σ → 0 or β →∞). Thus natural generalisations of the near-complete-melting asymptotics
of [2, 5] (which are for σ = 0) cannot be made. Related issues for the full two-phase problem are discussed below.
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Figure 1. Temperature profiles for β = 0.1, κ = 1, V = −1, σ = 0.05 (thick). Also included is the melting temperature (thin).
LARGE STEFAN NUMBER LIMIT FOR FULL TWO-PHASE PROBLEM
For β À 1 the interface moves slowly, because of the large amount of latent heat that has to be absorbed there, in order
for it evolve. For t = O(β) we scale time as t = βtˆ, where tˆ = O(1), and write
u ∼ uˆ0(r,R) + 1
β
uˆ1(r,R) +O(β−2), tˆ = tˆ0(R) +
1
β
tˆ1(R) +O(β−2)
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as β →∞
There is not sufficient space to detail the solution process, but selected results are (with uˆ1 and tˆ1 given in [6]):
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FINITE-TIME BLOW-UP FOR FULL TWO-PHASE PROBLEM
The above large Stefan number analysis, a small-time expansion (not included here), and the numerical results all suggest
that the inclusion of surface tension in the full two-phase problem does not change the qualitative behaviour of the
melting process for early times. However, as the radius of the particle decreases, the surface tension reduces the melting
temperature at such a rate that the solid becomes superheated (see Figure 1 for an example). Soon after, it appears that a
form of finite-time blow-up occurs, with ∂v/∂r(R, t)→ −∞, R˙→ −∞ as R→ R+c . This limiting behaviour has been
studied extensively for the ill-posed superheated Stefan problem (without surface tension) (see [1], for instance), with the
asymptotic structure given in [3], for example. The inclusion of surface tension prevents a straightforward generalisation
of these results, since the Baiocchi transform (or an equivalent tool) is not available. The details will appear elsewhere.
DISCUSSION
It is worth emphasising that the motivation for including surface tension in many other studies has been to regularise
the ill-posed problem of melting a superheated solid (or, equivalently, freezing a supercooled liquid), with the goal of
smoothing (unphysical) singularities, or preventing blow-up from occuring. In contrast, the present melting problem
(with zero surface tension) is well-posed, and it is in fact the inclusion of surface tension that drives the superheating, and
hence is responsible for the solutions to blow up before complete melting can take place. We note that this superheating
offers a possible explanation for some peculiar experimental observations such as abrupt melting of nanoparticles.
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